For modeling electro-osmosis in porous media in previous studies
INTRODUCTION
When solid materials are in contact with electrolyte solutions, the solid surface will be automatically charged due to surface dissociation, ion adsorption, or crystal defects (Hunter, 1989) . Under the electrical interaction with the surface charge, the counter-ions in the solution will be attracted to the surface while the co-ions will be repelled, which leads to the generation of an electrical double layer (EDL) structure. Since there is an electrical charge imbalance in the outer region of the EDL, i.e., the diffuse layer, the motion of a liquid will be induced by the electrical field applied along the surface. This is the fundamental physical picture of electro-osmosis, which was first observed by Reuss using a plug of clay in 1809.
To date, numerous theoretical studies have been done to better understand the charging mechanism and predict the electro-osmotic velocity in different porous systems (Henry, 1931; Fair and Osterle, 1971; Levine and Neale, 1974; Levine et al., 1975; Stein, 1985, 1987; Davis, 1986, 1989a,b; Coelho et al., 1996; Ohshima, 1999) . Thanks to the features of nonmechanical actuation and size-independent velocity (for the non-overlap case), electro-osmotic flow in porous media has been used in capillary electrochromatography (Rathore and Horvth, 1997) , sludge dewatering (Raats et al., 2002) , nuclear waste cleanup (Noyes, 1995) , and underground water remediation (Acar and Alshawabkeh, 1993; Oyanader et al., 2008) . With the developments of microfluidic and nanofluidic techniques in recent years, a reawakening of interest in electrokinetic flow has emerged (Squires and Quake, 2005; Schoch et al., 2008; Bocquet and Tabeling, 2014) .
When the continuum hypothesis is valid, electroosmosis can be described by the Navier-Stokes equations with a source term for the electrical force. This electrical force is determined by the local strength of the electrical field and the density of the net charge, which depends on the electrical potential distribution in the EDL. Since the external electrical field in straight channels is parallel to the charged surface the local electrical field strength is a constant, which is equal to the applied electrical field strength. However, in porous media the local electrical field strength will not be a constant in the system because of the intrinsic complex geometry of porous media. Given this circumstance, two approaches have been used to obtain the local electrical field strength. The first approach simply assumes that the local electrical field strength is kept as a constant. In fact, from a physical point of view, this assumption implicitly supposes that the permittivity of a solid material is equal to that of a liquid (Liapis and Grimes, 2000; Wang et al., 2006b; Wang and Chen, 2007) . The second approach, based on the idea of superposition of electrical potential, determines the local electrical field strength by solving an additional Poisson equation for the external electrical potential (Coelho et al., 1996; Hlushkou et al., 2004 Hlushkou et al., , 2005 . Furthermore, most of the previous studies have treated solid material as an ideal dielectric with negligible permittivity such that the Poisson equation only needed to be solved in the liquid region of the porous media. Nevertheless, in practice, most solid materials have certain values of permittivity, which are neither zero nor the same as that of liquid (e.g., for water, ε r = 78.5). In fact, the permittivity of solid materials may fall somewhere between these two extremes. For example, the relative permittivities for quartz, mica, and silicon are 4, 6, and 12, respectively (Balanis, 1989) . Therefore, the two aforementioned approaches are questionable for use in real applications.
An early study by Henry (1931) showed that solid permittivity may be responsible for the difference between the Smoluchowski theory and the Debye and Hückel theory for electro-osmosis. However, the Smoluchowski theory and the Debye and Hückel theory are both limited by a low zeta potential and s thin EDL. Furthermore, in the study by Henry (1931) , his research was mostly based on simplified geometric models for porous structure such as tubes (Levine and Neale, 1974; Levine et al., 1975; Davis, 1986, 1989a,b; Ohshima, 1999) and cells Stein, 1985, 1987; Coelho et al., 1996) . To the best of the authors' knowledge, there has been no research conducted that takes solid permittivity into consideration in relation to electro-osmosis in complex porous media.
In this study, following the idea of electrical potential superposition, we first derive the general governing equations, including those for solids. In Section 2, we solve the equations numerically using the lattice Boltzmann method (LBM). In Section 3, we present the results obtained for electro-osmosis, as demonstrated through an array of cylinders, and the effects of solid permittivity on electro-osmotic permeability are presented for different cases. Finally, conclusions are drawn in Section 4.
MATHEMATICAL MODELS AND NUMERICAL METHODS

Governing Equations
Under the condition that assumes the continuum hypothesis is valid, the laminar flow of Newtonian incompressible electrolyte fluid in the pore space of porous media is described by the following Navier-Stokes equations:
where u represents the velocity vector; t represents time; ν represents the kinetic viscosity; ρ f represents the liquid density; and F ext represents the external body force density. In this study, the pressure gradient is zero and the fluid is only driven by electrical force, i.e.
where ρ e is the local net charge density, and E is the local electrical field strength vector. Under the assumption of constant electrical field strength, E ext (Liapis and Grimes, 2000; Wang et al., 2006b; Wang and Chen, 2007) , E simply equals E ext . For a porous system consisting of a solid structure and an electrolyte solution, we apply Gauss's law for the electric displacement vector
where D is the electric displacement vector. For isotropic materials
where φ denotes the total electrical potential, and ε denotes the permittivity. Note that ε d and ε f represent the solid and liquid permittivities, respectively, while ε r,d and ε r,f represent the corresponding relative permittivities. These values are correlated by ε = ε r ε 0 , where ε 0 is the permittivity of vacuum.
We substitute Eq. (5) for D in Eq. (4) and we only consider the case in which there is no free charge in the solid material, such that field-induced charge redistributions around polarizable surfaces are not considered. Furthermore, since we assume a constant zeta potential on the surface, dielectric polarization is neglected. Thus, we obtain
Since the ionic distribution is coupled with the electrical potential distribution, the coupled Poisson-NernstPlanck (PNP) equations should be solved to obtain an accurate solution of the electrical potential (Wang and Kang, 2010) . However, the computational cost necessary to perform this procedure in complex porous media is too high. Alternatively, when the ionic convection is negligible and the electrical potential is continuously derivable, the assumption of the Boltzmann distribution can be introduced for simplification
where C i is the number concentration for the ith ion (m −3 ); C ∞ is the bulk concentration; z i is the algebraic valence for the ith ion; and e, k B , and T denote the elementary charge, Boltzmann constant, and temperature, respectively. In this study, we employ the 1:1-type electrolyte and constant temperature T = 273 K. Here, ϕ is the electrical potential induced by the external electrical field. According to the principle of superposition for the electrical potential, we decompose the total electrical potential as
where ψ represents the electrical potential induced by the surface charge, i.e., the EDL potential. Combining Eqs. (6)- (8) and ρ e = ∑ i z i eC i , we obtain the governing equations for ψ and ϕ, respectively, as follows:
where Γ represents the solid/liquid interface; n represents the interface normal vector pointing to the solid region;
and σ and ζ are the charge density and electrical potential at the slipping plane (i.e., the zeta potential), respectively.
Lattice Boltzmann Method
The LBM is a numerical method used to simulate fluid flows and to model the physics in fluids (Chen and Doolen, 1998; Zhang, 2011; Shu et al., 2014) . Originally proposed to solve the Navier-Stokes equation, the LBM has been extended to solve other partial differential equations, such as the Poisson equation, convection-diffusion equation, and so on (Wang et al., 2006a (Wang et al., , 2007a (Wang et al., , 2008 Zhang et al., 2009; Zhang and Yan, 2013) . Previously, a multiple lattice Boltzmann model for electro-osmosis in porous media had been established by Wang and Chen (2007) . In this study, we follow the idea that different distribution functions are employed to recover the macroscopic governing equations [Eqs. (1), (2), (9), and (10)]. Here, we give a brief introduction to this procedure; for detailed descriptions see Wang and Chen (2007) and Wang et al. (2007b) .
The evolution equation for fluid flow, which recovers Eqs. (1) and (2), has the following form:
where r denotes the position vector; e α denotes the unit discrete velocity vector; δ t,f denotes the time step; and τ f denotes the dimensionless relaxation time for flow, which is defined as τ f = (
The density equilibrium distribution function f eq α can thus be expressed as
with the distribution coefficients Volume 18, Number 10, 2015
and the lattice speed for flow c f = δ x /δ t,f . After evolution, the macroscopic density and velocity can be calculated by
The evolution equation for electrical potentials ψ and ϕ, recovering Eqs. (9) and (10), can be written as
with g
where g α and h α represent the distribution functions for ψ and ϕ, respectively; and τ ψ , δ t,ψ and τ ϕ , δ t,ϕ are the corresponding dimensionless relaxation time and time step. For higher efficiency, we employ the D2Q5 models with the discrete velocities
where the distribution coefficients are ϖ α = 1/3, α = 1 and ϖ α = 1/6, α = 2-6. The macroscopic quantities can be calculated as ψ = ∑ α g α + 0.5δ t,ψ (ρ e /ε r,f ε 0 ) and ϕ = ∑ α h α . Note that since the permittivity varies in the solid and liquid regions, the dimensionless relaxation times
are different in the solid and liquid regions, which leads to a problem with the discontinuous coefficients, with β = d or f , where d and f denote the solid and liquid regions, respectively.
RESULTS AND DISCUSSION
Physical Model
In this section, a 2D porous structure consisting of negatively charged cylinders is employed to demonstrate the effects of solid permittivity on electro-osmosis. Figure 1 shows a schematic diagram, which is a simplified model of electro-osmotic flow in fibrous materials (Ohshima, 1999) . Thanks to the symmetry of the 2D array, a representative simulation unit is extracted and the governing equations given in Section 2 are solved in this domain. As denoted in Fig. 1 , the radius of the cylinder, the width, and the length of the domain are a, b, and 2 √ 3b, respectively. Consequently, we can calculate the porosity of the porous media as
To validate the present model, we first compare the numerical results with the semi-analytical formula derived by Ohshima (1999) . Note that both the semi-analytical and numerical results presented in Fig. 2 were obtained
FIG. 1:
Electro-osmosis in the 2D array of negatively charged cylinders. The enlarged view on the right defines the domain for the simulation and the corresponding geometrical parameters.
FIG. 2:
Validation of the numerical results (blue triangles) by comparing them with the semi-analytical (red circles) solution of Ohshima (1999) for different dimensionless radii.
by assuming the porous material to be an ideal dielectric, i.e., the solid permittivity is zero. As shown in Fig. 2 , our numerical results agree well with the semi-analytical results obtained by Ohshima (1999) for different dimensionless radii. The electro-osmotic velocity is scaled by the Smoluchowski velocity, which is calculated as
where η = νρ f is the dynamic viscosity. The Smoluchowski velocity, shown as the dashed line in Fig. 2 , is independent of the dimensionless Debye radius (actually, the concentration) and overestimates the velocity for large dimensionless Debye lengths. The dimensionless Debye length, λ * D , is defined as the ratio of the Debye length to the radius of the cylinder, i.e., λ D /a. Debye length λ D can be calculated as
Electrical and Velocity Fields
When the solid phase is an ideal dielectric with a relative solid permittivity of ε r,d = 0, as shown in Fig. 3 , the electrical field line will be fully repelled from the solid surface because the solid is a fully non-conducting phase. However, if the solid permittivity differs from zero, which is true for most materials in practice, the electrical field will be also changed. When ε r,d = 78.5, which amounts to the permittivity of water, the electrical field will simply be a straight line without any distortion due to the homogeneous permittivity in the whole region. This means that the electrical field can penetrate through the solid phase as easy as in the liquid phase. Therefore, the previous assumption of constant electrical field strength in fact considers the porous media as a continuous phase with only one value of permittivity. When ε r,d = 40, the electrical field line distorts in and near the solid cylinder, which is an intermediate case in between of the aforementioned extreme cases. Figure 4 illustrates the velocity profile at the inlet cross section for ε r,d = 0, 40, and 78.5 with λ * D = 0.29. The concave shape of the profile results from the blocking effect of the cylinder in the center. Obviously, the electroosmotic velocity will be reduced at every position with the increase of ε r,d . Therefore, in real materials, previous results assuming an ideal dielectric will obtain an overestimated velocity, while results with a constant electrical field strength will underestimate the velocity.
The decrease in velocity can be qualitatively explained by the distribution of the electrical field shown in Fig. 3 . For lower values of ε r,d , the electrical field lines near the surface become more curved in order to bypass the cylinder. This leads to an increase in the tangential component of the electrical field along the surface, and thus results in higher electro-osmotic velocity.
Effects of Debye Length and Porosity
For cases of different Debye lengths and porosities, the solid permittivity may have different effects. Note that in this study we change the Debye length through the concentration and change the porosity through the width of the simulation domain, b. Other parameters are kept unchanged. Figure 5 presents the electro-osmotic permeability κ e and the cross-section-averaged electro-osmotic ve- Since κ e is defined as κ e = U ave /E ext , the y axis on the right-hand side is proportional to that on the left-hand side by a factor of E ext . Qualitatively, for all of the cases, the electro-osmotic permeability and velocity decrease with the solid permittivity, and this result is consistent with the previous analysis given in Section 3.2. However, the effects of ε r,d vary dramatically for different cases. With a large dimensionless Debye length and small porosity (case 1), the electroosmotic permeability and velocity is almost unchanged, while it has a large drop for a small dimensionless Debye length and large porosity (case 3).
Furthermore, Fig. 6 shows the relative decreases of the electro-osmotic permeability or velocity for different values of ε r,d , where the velocity with ε r,d = 0 is set as the baseline. Notably, for case 3, the electro-osmotic velocity has a decrease over 20%. This means that, under this condition, a prediction that assumes an ideal dielectric can have a large discrepancy from a predication that assumes a constant electrical field. Meanwhile, if the real permittivity of the solid deviates from both the zero and liquid values, it is necessary to take this into consideration in the present model. Otherwise, an error of more than 10% is possible.
To understand the effects of the Debye length, we compare the characteristic lengths in the system to explain the difference between cases 2 and 3 in Fig. 5 . Figure 7 shows the profile of electrical field strength E at the cross section in the middle. The plateau with a nearly constant E in 
FIG. 7:
Profile of electrical field strength E at the cross section in the middle. The whole region is divided into three parts: the solid region, inner liquid region, and outer fluid region according to the value of the electrical field strength.
the middle indicates the solid region of the cylinder. The liquid region can be artificially divided into two regions according to the distribution of the electrical field. Specifically, we define the region where E is within 10% difference from external electrical field strength E ext as the outer fluid region and we define the intermediate region with a higher E as the inner liquid region. The electrical field strength in the inner liquid region depends more strongly on ε r,d than it does in the outer fluid region. For case 3, with λ * D = 0.29, the EDL will be totally located in the inner liquid region. Since the driven force of electroosmosis mainly comes from the net charge imbalance in the EDL, a change in the electrical field in the inner liquid region will influence the whole EDL, thus determining the driven force. On the contrary, for case 1, with λ * D = 0.92, part of the EDL is out of the inner liquid region, which will stay unaffected by a change in ε r,d . Therefore, the electro-osmotic flow will not be fully determined by the inner liquid region. In fact, the distribution of the electrical field is continuous in the fluid region and this whole region is influenced by the solid permittivity. The artificial partition made here is used to illustrate the effect of the Debye length and porosity, which is similar to the converting process in an analog-to-digital signal.
Regarding the effect of porosity, Fig. 8 shows a profile of the electrical field strength in the middle of the domain for different porosities at ε r,d = 0. The plateau part in the middle indicates the solid region. Note that when porosity increases, the electrical field strength near the solid wall increases. This can be a major contribution to the electroosmotic velocity and will lead to larger electro-osmotic permeability. Therefore, compared to the constant electri- cal field case with ε r,d = 78.5, a larger discrepancy can occur, which means electro-osmotic permeability will depend more strongly on ε r,d . However, further investigation is needed to verify that there is a general permeability dependence on porosity in structures other than the fibrous ones considered in this study.
CONCLUSIONS
In this study, based on the previous Poisson-Boltzmann model for electro-osmosis in porous media, we derived a modified model in which the dielectric permittivity of solid structures was considered. On the one hand, the results showed that the previous assumption of constant electrical field strength, which treated the permittivity of a solid to be the same as that of a liquid, underestimates the electro-osmotic permeability. On the other hand, if the solid is assumed to be an ideal dielectric with solid permittivity, ε r,d = 0, it will lead to an overestimated electroosmotic permeability. Generally, the electro-osmotic permeability will decrease with the solid permittivity.
For easy demonstration, a 2D porous structure consisting of negatively charged cylinders was considered to reveal the effects of solid permittivity on electro-osmosis. Under the condition that the Debye length is small and the porosity is large (case 3), the electro-osmotic permeability strongly depends on ε r,d , while for a large Debye length and small porosity (case 1), the electro-osmotic permeability is almost changeless. Results based on the two previous assumptions will have a discrepancy as high as 20% for case 3. Therefore, special attention should be paid to electro-osmosis with a high concentration (causing a small Debye length) and high porosity. Through a simplified partition model, we qualitatively explained the effect of the Debye length. For a small Debye length, the EDL will be totally located in the inner liquid region, of which the electrical field is strongly dependent on ε r,d . However, for a large Debye length, part of the EDL will be outside of the inner liquid region, and therefore the electro-osmotic velocity will not be significantly influenced. Also, a larger porosity corresponded to a stronger electrical field near the solid wall for the fibrous structures considered in this study. This will lead to a larger discrepancy between the two extreme cases of ε r,d = 0 and 78.5. In other words, the electro-osmotic permeability will depend more intensely on ε r,d .
A previous study by O 'Brien and White (1978) theoretically proved that electrophoretic mobility is not dependent on the dielectric permittivity of solid particles. Our results do not conflict with these results because their study was based on a linear response, i.e., the small electrical strength of a simplified PNP model by the linear perturbation method. Our current model used a modified Poisson-Boltzmann model instead of the PNP model. Specifically, our study focused on comparisons between two different approaches to obtain the local electric force. Furthermore, we find that from a physical point of view, the difference between these two approaches can be seen as different assumptions regarding the dielectric permittivity of solid structures. Finally, although it is computationally time consuming, it is physically attractive to employ the PNP model in future studies.
